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Abstract—To support elastic services with flexible processing
configurations in distributed computing networks, we propose a
joint network resource and service control policy that optimizes
routing, scheduling, processing locations, and the selection of
processing configurations. The flexibility of service configurations
introduces a new degree of freedom for improving network
performance. First, we formulate the maximum elastic service
flow problem and develop a polynomial-time algorithm to com-
pute the network’s maximum throughput for supporting elastic
services that can be processed by any available chain of service
functions. Under stochastic service arrivals, we design a dynamic
control policy that, upon each service arrival, chooses the service
configuration, processing locations, and routing. In addition, we
develop a scheduling policy to maximize network throughput.
Furthermore, we extend the policy to maximize network utility
by assigning a utility value to each service configuration. We
prove that this utility maximization policy achieves an expected
total network utility that is near-optimal.

I. INTRODUCTION

Modern network applications are increasingly built on
elastic services deployed in distributed computing networks.
These applications often require intensive computation and
have dynamic workloads. Examples include automated ma-
chine learning (AutoML) pipelines, semantic communication
systems, and cooperative autonomous driving platforms. For
example, an AutoML workflow runs successive training and
validation tasks and performs neural architecture search pro-
cesses that are highly resource-intensive. Similarly, semantic
communication merges signal processing with on-device arti-
ficial intelligence inference, and autonomous driving platforms
involve vehicles cooperatively sharing sensor data and learning
tasks. The common thread in these scenarios is the need
for flexible and efficient service deployment that meets strict
performance requirements despite time-varying loads. This
need motivates the design of elastic services, which adaptively
leverage distributed computation and communication resources
to maintain performance targets.

Elastic services are characterized by having multiple possi-
ble service configurations, each of which consumes different
network resources and offers different utility or performance.
For example, neural architecture search in AutoML produces
candidate neural networks that differ in depth, width, and con-
nectivity; each candidate has a distinct computational footprint
and achieves different accuracy and latency [1]]. MnasNet [2]
develops a factorized hierarchical search algorithm for the
chain of blocks that compose a convolutional neural network
that have various accuracy and latency tradeoffs. A semantic
communication service may include interchangeable encoding
and decoding functions (from lightweight compression to deep

neural network codecs) with adjustable bit rates. A concrete
example is DeepSC [3]l, a deep learning enabled semantic
communication framework whose compression ratio can be
tuned by scaling the latent feature dimension, ranging from
lightweight feature vectors to high-fidelity representations. An
autonomous driving perception service may allow variable
image resolution or frame rate between camera, edge server,
and vehicles. A recent example is EdgeDuet [4], which
offloads fine-grained image tiles to an edge server while
processing lower-resolution frames locally; by adjusting the
tile size (spatial resolution) and the sampling rate, the system
trades bandwidth for detection accuracy in real-time vision.
This elasticity enables a service to scale its computation and
communication requirements up or down, or to substitute
function variants, in response to resource availability and
performance targets.

Network service providers increasingly use network func-
tion virtualization to deploy service function chains, which are
ordered sequences of virtual network functions that process
traffic. The static service function placement problem seeks an
optimal deployment of service functions across a network and
routing of traffic through these functions to meet demands at
minimal cost or resource usage. A joint function placement
and routing problem was studied in [5] and the minimum
cost was obtained by solving an integer linear program. A
bi-criteria near-optimal service function placement algorithm
under capacity and path length constraints was studied in
[6]. Given fixed function placements, near-optimal routing
algorithms were proposed in [7]]. Approximation algorithms
were developed in [8[], [9]] to maximize network utility or to
minimize network resource costs by optimizing the placement
and routing of functions.

Managing service function chains in a distributed com-
puting network is challenging when user demand fluctuates
dynamically. In contrast to static placement, dynamic control
of service function chains focuses on real-time decisions for
routing and function scheduling under time-varying traffic. A
mobility-driven service placement was developed in [10] to
minimize the average latency using Lyapunov optimization. A
backpressure-based algorithm was developed in [11] to jointly
choose processing locations and routes for unicast flows to
maximize network throughput. For more complex traffic pat-
terns, a throughput-optimal control policy for arbitrary mixed-
cast service function chain traffic was developed in [[12], based
on the universal max-weight algorithm [[13]]. Subsequent works
have applied reinforcement learning to dynamic control of
service chains (e.g., for video streaming) to handle even more



complex decision spaces [14]], [15].

While most previous works studied network resource op-
timization problems to support services with fixed resource
requirements, an elastic service function chain model was
studied in [[16], [[17]. In that model, a processing-and-routing
graph represents service functions as nodes and dependencies
as directed edges; a service request is complete if it is served
along any source-to-destination path in this graph. Approx-
imation algorithms were developed to maximize throughput
within an O(logn) factor of optimal [16] and to maximize
utility close to the optimal [17], under the assumption that
each link’s capacity exceeds the demand of any single service
by a logarithmic factor. Both algorithms considered integer
(unsplittable) requests and ignored stochastic arrivals. In this
paper, we first allow fractional flows to characterize the
network capacity region, and then design dynamic control
policies for stochastic service arrivals that achieve the network
capacity.

The central challenge addressed in this paper is the joint
optimization of network resources and service configuration
for elastic services under both communication and computa-
tion constraints. The goal is to maximize service throughput
or utility while respecting node computation capacities and
link bandwidth constraints. Furthermore, the problem is often
dynamic, calling for adaptive online solutions. In summary,
joint network resource and elastic service optimization re-
quires careful coordination of which functions to execute,
where to execute them, and how to transfer data between them,
in order to meet application-specific performance requirements
efficiently. The main contributions of this paper are summa-
rized below.

« We develop a modeling framework for joint network and
service optimization and formally define the maximum
elastic service flow problem. We compute the maximum
service flow rate that can be processed by any chain of
service functions.

¢ We develop a throughput-optimal dynamic control al-
gorithm that optimizes service configuration, processing
locations, and routing upon the arrival of each service,
and a scheduling policy that stabilizes the network under
stochastic arrivals.

¢ We extend the dynamic control algorithm to maximize
expected network utility in scenarios where each service
configuration yields a different concave utility function.
We prove that this utility-aware policy attains near-
optimal total network utility.

The remainder of this paper is organized as follows. Section
introduces the models for distributed computing networks
and elastic services. Section studies the maximum elastic
service flow problem to characterize the network capacity
region. Section develops a dynamic algorithm for joint
routing, scheduling, function processing, and service con-
figuration to maximize network throughput under stochastic
arrivals. Section [V]extends the algorithm to maximize network
utility when different service configurations have different
utilities. Section presents simulation results, and Section

concludes the paper.

II. SYSTEM MODEL
In this section, we first present a model for distributed
computing networks, and then develop a model for elastic
services.

A. Distributed Computing Network Model

A distributed computing network is modeled by a directed
graph G(V, E), where V denotes the set of nodes and E
denotes the set of links. A node is either a forwarding node
such as a router, or a computing node that can process
services in addition to forwarding packets. The capacity of a
computing node v is denoted by p,. A directed link (u,v) € E
represents a communication channel from node v to node v
with bandwidth capacity fiy,.

B. Elastic Service Models

A service consists of one or more service functions, each of
which represents the processing of a subtask. In the simplest
case, a service contains a single service function. A service
function ¢ is characterized by its computation and commu-
nication resource requirements. For each unit of input flow,
function ¢ requires r® units of computation resources, and
produces £¢ units output flow.

A service function chain ® contains a chain of functions
that must be processed in order ¢; — ¢ — -+ — ¢pr. The
output of function ¢; is the input of function ¢; ;. To process
a unit service flow (i.e., a unit entering ¢;), service function
¢; requires % = r¢iH§-;11§¢j computation resources, and
outputs w? = TI5_,£% units flow.

In many applications, there are multiple ways to complete
a given task, and the service’s processing can be elastic. We
use an elastic service function chain to model this flexibility.
For example, in AutoML, different network architectures and
hyperparameters yield different deep learning models, each
capable of performing the task with its own resource demands
and accuracy trade-offs.

For an elastic service function, both the computation re-
source r? and the flow scaling factor £ can be variables. For
example, for the neural architecture search space in [18]], a
convolutional layer with a stride of 2 on a 32 x 32 x 32 feature
map requires approximately 4 x 106 FLOPs for a 3 x 3 filter,
but 13 x 109 FLOPs for a 5 x 5 filter. Moreover, using 24
output channels produces a 32 x 32 x 24 feature map, whereas
36 channels produce 32 x 32 x 36. Different configurations
require different computation resources and output different
data volumes. We now formally define elastic services.
Definition 1. An elastic service function (5 is a service function
that can be implemented by any one of a set of alternative

Sunctions {¢1,¢2,...,0K}.

Definition 2. An elastic service function chain ® is a service
chain that can be implemented by any one of a set of
alternative function chains {®1,®a,...,Px}.

An elastic service function chain can have a variable number
of service functions and variable computation and communi-
cation requirements. A configuration of service function chain



is an ordered sequence of deterministic service functions.
The cardinality of an elastic service function chain |®| is
the number of different configurations of the service function
chain.

Among the configurations {®, ®a,..., P} of an elastic
service function chain ®, some service functions may appear
in more than one configuration. Enumerating all configurations
has high complexity and the number of configurations could be
exponential in the number of service functions. To manage this
complexity, we adopt a graph-based representation for elastic
service chains, similar to the approach in [|17].

Graph representation of an elastic service function chain.
We represent an elastic service function chain ® as a directed
acyclic graph G, where nodes represent service functions
and edges represent function dependencies. In G, there is a
dummy source node ¢s and a dummy destination node ¢y,
and any path from ¢, to ¢; represents a configuration of the
elastic service function chain.

Example. Suppose that ® consists of a chain of elastic
service functions ¢',¢2,...,¢", where there are e, ¢
configurations. Instead of enumerating all these configurations,
a layered graph represents the dependency of the functions,
where nodes in layer-i represent the configurations of ¢* and
nodes between adjacent layers are connected as a complete
bipartite graph where the edges are directed from layer-i to
layer-(i + 1) (Fig. [I). Any path from ¢ to ¢, represents a
configuration of the elastic service function chain, and the
service is complete if the functions in any path are executed
in order.

Fig. 1. A chain of elastic service functions ¢! — 2 — ¢3 (top), and its graph
representation G g, (bottom).

In the above example, G is a layered graph. Note that
the algorithms in this paper apply to arbitrary directed acyclic
graphs where edges may cross layers and ¢5 — ¢; paths may
have different lengths.

III. MAXIMUM ELASTIC SERVICE FLOW

In this section, we study the maximum elastic service flow
problem, defined as follows.

Maximum elastic service flow problem: Given a dis-
tributed computing network G(V, E) with node computation
capacity constraints and link communication capacity con-
straints, and an elastic service function chain <i>, determine
the maximum rate of service flow from a source node s € V'
to a destination node ¢ € V' that can be processed through 3.
This flow may utilize any available configuration of the elastic
service function chain.

We assume that the flow is splittable: the total service flow
can be divided among multiple service chain configurations.
We jointly optimize flow routing, function computation, and
flow splitting across configurations to maximize the total
service throughput.

To solve this problem, we construct a product graph Gg
that captures both routing and processing of an elastic service
function chain flow. For each node ¢, € G, there is a copy of
the computing network G in G, which is denoted by G(¢q).
If there is an edge (¢q, ¢c) € G, then there are directed edges
from the computation nodes in G(¢,) to their corresponding
replicas in G(¢.). In Gg, flows in G(¢,) represent flows that
have been processed by ¢, and flows on the edges from u(¢, )
to u(¢.) represent processing ¢. at node u on traffic that was
output by ¢,. One caveat is that ¢; is a dummy destination
node in Gz which does not represent function computation.
If (¢, ¢t) € G, flows on the cross-layer edge from G(¢.)
to G(¢;) do not represent function processing or consume
computation resource. For simplicity, if ¢. is processed at
a node v € G, then we assume that the flow processed by
function ¢, enters G(¢;) through the edge (v(¢.),v(¢:)) and
is transmitted to ¢(¢;) through the edges in G(¢;). See Fig.
for an illustration of the construction of the product graph.

Fig. 2. Construction of the product graph. A flow that traverses edges
(s,u), (u,v), (v,t) where ¢q is computed at u and ¢ is computed at v
is represented by the red path in Gg,.

Theorem 1. Every path from s(¢s) to t(¢:) in Gg represents
the routing, function computation, and service configuration
of a service flow from s to t in G. Moreover, a service flow
from s to t in G can be decomposed into a collection of paths
from s(¢s) to t(¢y) in Gz and possibly cycles.

Proof: Consider a path P € G; from s(¢s) to
t(¢+). The path traverses a sequence of copies of G,
denoted by {G(s),G(¢p1),G(dp2),...,G(drn), G(¢r)}-



Then, by the construction of the product graph Gz, an edge
(u(¢P7i_1),u(¢p,i)) € P between G(¢p7i_1) and G((ﬁp,i)
represents the computation of function ¢p; at node u, and
an edge (u(¢p;),v(¢psi)) € P in G(¢pp;) represents the
transmission of flow that has been processed by function ¢p ;
on link (u,v). The flow is processed by services functions
¢p1 — ¢p2 — -+ — ¢p,n in order. A corner case is that
the edge from G(¢p n) to G(¢;) does not represent function
computation. The edges in G(¢p,n) and G(¢;) transmit the
flow that has been processed by function ¢p . Therefore,
every path P represents the routing, function computation, and
service configuration from s to .

To prove that a service flow from s to ¢ in G can be
decomposed into a collection of paths, we first consider a
flow that is processed by a single service configuration. Apply
the path decomposition algorithm that iteratively computes a
path from s(¢) to ¢(¢;) whose edges carry positive flows,
and extract the smallest flow from the path while considering
flow scaling and maintaining residual flows non-negative. The
union of these paths is the flow. Finally, consider a flow
processed by multiple service configurations. The flow is a
union of flows, each of which is processed by a fixed service
configuration. Applying the path decomposition algorithm
iteratively again generates the paths from s(¢;) to t(¢;). The
detailed proof is omitted and is available upon request. ]

Theorem |1| shows that the routing, computation, and con-
figuration of an elastic service flow in G can be represented
by a flow in G;. Therefore, we next develop algorithms for
flow optimization based on G; to study the maximum elas-
tic service flow problem. Moreover, the flow decomposition
allows us to view the elastic service flow problem from the
maximum multi-commodity service flow perspective, where a
commodity is defined using the tuple (s, t, ®;) for ®; € ®.
Theorem 2. The maximum elastic service flow is equivalent
to the maximum multi-commodity service flow, where each
commodity corresponds to a configuration of the service
function chain and has the same source and destination nodes.

Proof: On one hand, if we allocate flows to individual
configurations, their sum constitutes a feasible elastic service
flow, since by definition the elastic flow can be split among
any of the configurations. On the other hand, any feasible
elastic flow can be decomposed (by Theorem 1) into flows
along specific configurations, which are the commodities.
Therefore, the maximum total flow obtainable by distributing
traffic among configurations (multi-commodity flow) is exactly
the maximum elastic service flow. ]

Our product graph construction uses one copy of G per node
in G g. An alternative construction in [[17]] uses one copy of G
per edge in G g, which can lead to a larger graph (potentially
quadratic in size for dense Gg).

A. Flow-based formulation

We now formulate a polynomial-size linear program to
compute the maximum elastic service flow. We introduce flow
variables on the edges of G; and enforce a generalized flow-
conservation law that accounts for flow scaling at processing

nodes. Consider a node u(¢,) € Gg. Let §~(¢,) denote the
set of service functions that precede ¢, i.e., ¢; € 0~ (dq) if
(¢is da) € Gg. Let 67 (¢,) denote the set of service functions
that follow ¢g, i.e., ¢; € 61 (o) if (¢a, ¢i) € Gg. Let 6~ (u)
denote the set of neighbors with edges into u, i.e., j € 6~ (u)
if (j,u) € G. Let 6" (u) denote the set of neighbors with
edges out of u, i.e., j € 67 (u) if (u,j) € G. The generalized
flow conservation law at node u(¢,) € G is as follows.

Y. fiouen T DL o Fuwouen)
JEI~(u) ¢ €57 (¢a)
1
= Y fueaieot D afueaue) O
jES+(u) ¢ €01 (da)

The generalized flow conservation law is similar to what
was developed in [[12]], and has the following differences. In an
elastic service-function chain, the service function ¢, can be
preceded and followed by several other functions. Accordingly,
it may receive traffic from multiple upstream function outputs,
process the traffic, and then forward it to multiple downstream
functions. If ¢, receives traffic from ¢; € 6 (¢,), the
computation resource for each unit traffic is %= and the
output scaling is £%+. For computation rate Ju(éi)u(p.) ON edge
(u(ey), (qba)) the output flow rate of function ¢, incoming to
node u is ¢ = fu(é)u(sa)- If it forwards traffic to ¢; € 67 (¢a),
the computation rate fy,(s,)u(g,) on edge (u(pa),u(d;)) is
r% times the outgoing flow rate from node u. One caveat
is that if ¢; € 0%(¢y), then we define 7% = ¢%¢ = 1
for flow conservation, although f(4.)u(¢,) does not consume
computation resources.

We can now state the flow-based linear program for the
maximum elastic service flow problem. The objective is to
maximize the arrival rate of the elastic service flow that can
be processed. Eq. {@) guarantees that the arrival rate to s equals
the sum of the outgoing flow rates from s(¢s) to nearby
nodes and the processing at node s through any function
¢i € 67 (¢s). Eq. (@) imposes communication capacity con-
straints on the links, and Eq. (3) imposes computation capacity
constraints on the nodes.

max A

>0

s.t. Z fu((ﬁi)v(@) < fhuw, Y(u,v) € B, 2)
¢’iEG(I)

>

(¢i,0;)€G 5,07 bt

A=) faenien T D

J€SH(s) b€ (60) |
flow conservation Eq. (1), Vu € Gg \ {s(¢s),t(¢¢)}.

The flow-based linear programming formulation has a poly-
nomial number of variables and constraints, and therefore can
be solved in polynomial time. However, it does not explicitly
enumerate individual service configurations or routing, which
makes it somewhat abstract for designing a dynamic policy.
We therefore develop an equivalent path-based formulation
next, which will directly inform our online algorithm.

feu(@ou(s,) < pu, YU €V, 3)



B. Path-based formulation

We next develop a path-based formulation. Consider a path
P in G from s(¢s) to t(¢:). The path P corresponds to
a flow in G that is processed by a configuration of the
elastic service function chain. The configuration is represented
by a path ®p from ¢, to ¢; in Gg, due to Theorem
Let ®p = {¢s, 0p1,0P2,---, PPN, P} For a unit service
flow input to ¢p;, service function ¢p; requires x®Pi =
T¢P*iH§-;11§¢P'j computation resources to process, and outputs
wbPi = H§:1§¢P’J units flow. Consequently, in G;, if P
contains an edge from G(¢p;—1) to G(¢p;), then the flow
rate on the edge is z?7. If P contains an edge within
G(¢p,;), then the flow rate on the edge is w®P.i . For unified
notation, define ¢p o = ¢5 and w?”* = 1, since no processing
has occurred. Define ¢p ni+1 = ¢4, wPP N+ = PPN apd
x?PN+1 = 0, since the flow has been processed by all
functions in P before entering ¢p n1, and no additional
processing is required at ¢p n1.

Consider the capacity constraint on the link (u,v) € G. Let
Ap denote the units of input service flow on P. If P contains
an edge (u(¢p;),v(¢p;)). then the service flow contributes
w®P# \p units flow to (u,v). Let P denote the set of paths in
G- The total flow rate cannot exceed the link capacity.

Z Z wPPiAp < tuw, V(u,v) € G.

PeP {¢p,il(u(dp,i)v(dp,i))EP}

®)

Consider the computation capacity constraint on node w. If
P contains an edge (u(¢pi—1),u(¢p;)), then the service flow
occupies z%7i \p computation resources of 1.

Z Z xd’P’i)\pguu, Yu € G.

PeP {¢p,i|(u(ppi—1)u(dp,i))EP}

(6)

The objective is to maximize the sum of flow rates on all
paths P € P, under Constraints (3), (6) and non-negativity
constraints A\p > 0,VP € P.

max Z Ap.

PecP

)

The path-based formulation is clean and the characterization
of the path in G5 provides a building block for algorithms that
compute the minimum-cost path as a subroutine developed
later in this paper.

Both the flow-based formulation and the path-based formu-
lation compute the maximum elastic service flow A\*, which
characterizes the capacity region of the network. The path-
based formulation is convenient for algorithm design. It shows
that supporting the maximum flow involves finding flows on
possibly many paths. In the next section, we will develop a
dynamic algorithm that, at each time slot, effectively chooses
one path (one configuration, route, and processing locations)
for each arriving service to achieve the optimal split over time.

IV. DYNAMIC JOINT NETWORK AND SERVICE

OPTIMIZATION TO MAXIMIZE THROUGHPUT
Having characterized the maximum achievable throughput
A* for elastic services, we now turn to dynamic scenarios

with stochastic arrivals. We develop a dynamic algorithm for
joint optimization of packet routing, function computation,
elastic service configuration, and scheduling to maximize the
throughput.

Consider a time-slotted system ¢ € {0,1,2,...}. Let A(t)
denote the number of exogenous service arrivals to s at the
beginning of slot ¢. We assume that A(t) is independently and
identically distributed over time. Let A = E(A(t)) denote the
average arrival rate of the elastic service. We aim to develop a
throughput-optimal policy that stabilizes the network for any
A below the capacity A* computed in Section [II]

We introduce a set of virtual queues {Qq,(t), V(u,v) € E}
and {Q.(t),Yu € V} corresponding to the links and nodes
of the distributed computing network G. If a unit service
enters Gz and uses path P, then it contributes a total load
OF 3= (s (u(bps)w(épi)epy WP O the link (u,v) (Section
[I-B). Suppose that these loads enter the virtual queue of link
(u,v) immediately. If A(t) services enter the network at time
t, the number of arrivals to Q. (t) is denoted by Ay, (t).

Ay (t) = woPi A(t).
{¢op,il(u(op,i),v(¢p,i))EP}
Similarly, a unit service contributes a total load of

Z{¢P,i|(U(¢P,i—1)vu(¢P,i))€P} x%Pi to the computing node w.
Suppose that these loads enter the virtual queue of node u
immediately. For A(t) service arrivals, the number of arrivals
to Qq(t) is denoted by A,(t).

Au(t) = Z
{¢pil(u(dp,i-1),u(ép,i))EP}

The service rates of the virtual queues are the link trans-
mission rates or node computation rates. The virtual queue
lengths evolve according to the following recursions, where
(a)™ = max(a,0).

qu(t + ]-) = (qu(t) + Auv(t) - Nuv)Jra
Qu(t + 1) = (Qu(t) + Au(t) - Mu)+'

PP A(t).

(8a)
(8b)

We study the joint dynamic routing and service configura-
tion policy 7* by choosing P € G; that minimizes

D Quu®Aw(t) + Y Qut)Au(t)
(u,v)EE ueV
>

—Am{ W Quy (1 (w(dp,0), v(0p4) € P}
(u(¢pr,i)v(Pr,i))€EGs

S e Qu (ul(dpi), u(or) € P ©)

(u(¢p,i—1),u(op,i))€Gs

Let the unit cost of using the edge (u(dp;),v(pps)) €
G; be w?PiQ,,(t) and the unit cost of using the edge
(w(¢pi-1),u(dpi)) € Gz be x9PiQ,(t). To compute the
minimum-cost path, the classical shortest-path algorithm does
not directly work since the unit costs depend on the choice of
path P. The reason is that different service functions may have
different flow scalings. For example, for two service chains



Algorithm 1 Minimum-cost path computation using dynamic
programming

Input: Product graph G5, source node s(¢;), destination node
t(¢¢), unit cost c(e) for each edge e € Gj.
Output: Minimum-cost path from s(¢s) to t(¢:) in Gg.

1: Compute the pairwise minimum-cost path in each copy of
G in Gg. Let d(u(¢;),v(¢;)) denote the minimum cost of
the path from u(¢;) to v(¢;).

2: for ¢; in reverse topological order among nodes in Gg

do
for u(¢;) € G(¢;) do
Let d(u(¢;),t(¢t)) denote the minimum cost of
serving one unit output flow of service function ¢;
from node u to node t. Note that the cost includes
the cost of processing all successor service functions
and the cost of transmission.
5: for v(¢;) € G(¢;) do
: Let d(v(¢;)) denote the minimum cost of serving
one unit output flow of service function ¢; from
node u to node ¢, given that the successor service
function is processed at node v.

@

7: d(v(¢:)) = ming e+ (g [r®e(v(ei), v(d;)) +
£%9d(v(e)), t(dn))].
8: end for
o: d(u(g:), t(de)) = mingg,){d(u(gi),v(di)) +
d(v(¢i))}-
10:  end for
11: end for

12: The minimum cost of the path from s(¢s) to t(¢) is
d(s(¢s),t(dt)). The path can be reconstructed by tracking
which minimizing ¢; and v(¢;) were chosen in each step
and concatenating the paths.

Os — Oq — @c and @5 — Pp — ¢, if the flow scaling of ¢, and
¢p is different, then for a unit service flow entering ¢, the
input flow to ¢ is different depending on whether ¢, or ¢y
has been processed.

We develop Algorithm |1 based on dynamic programming
to compute the minimum-cost path P. At each time slot ¢,
the unit cost for (u(¢;),v(¢i)) is Quu(t) for all ¢; € Gy,
and the unit cost for (u(¢;),u(¢;)) is Qu(t) for all ¢; €
6T (¢i), ¢i,¢; € Gg. The performance of the algorithm is
given by Theorem

Theorem 3. The minimum-cost path can be computed in
O(IVP|Vz > + |VIIE| + |V[*log|V|) time for the elastic
service arrivals at each time slot using Algorithm (I} where
V] i is the number of edges
in G, and |Vg| is the number of nodes in G.

Proof: In Step 1, the pairwise minimum-cost path can
be computed using the shortest-path algorithm on one copy
of G, and the other copies have the same edge costs and the
same minimum-cost paths. In a directed graph G with |V|
nodes and | F'| edges and non-negative edge weights, Dijkstra’s
algorithm can be implemented using Fibonacci heaps with

time complexity O(|E|+|V|log|V|) [19]. Running Dijkstra’s
algorithm |V| times, once from each node, computes all-pairs
shortest paths in O(|V||E| + |V |*log [V]) time.

Both d(v(¢;)) and d(u(e;),t(¢:)) are the cost-to-go func-
tions to serve one unit output flow of service function ¢;. In
Step 7, d(v(¢;)) is obtained by restricting the computation of
the immediate successor service function ¢; € 67 (¢;) at node
v. The optimal successor service function ¢7 is obtained by
taking the minimum of the sum cost. To process one unit flow,
the r%i units computation incurs r% c(v(¢;),v(¢;)) cost and
the scaled £/ units output flow incurs £%7d(v(;),t(¢+)) cost
from node v to the destination. Since G is a directed acyclic
graph, there exists a reverse topological order of ¢;, such that
d(v(¢;),t(¢r)) (Vo; € 6T (¢;)) has been computed before
d(u(¢;),t(¢¢)). The computation of Step 7 takes O(|V]) time
since |07 (¢i)| < [V3].

Cost d(u(¢i),t(¢t)) is obtained by choosing the optimal
computation node v* for processing the immediate successor
service function that minimizes the sum of the cost of trans-
mitting flow from u(¢;) to v(¢;) and the cost-to-go d(v(e;)).
The computation of Step 9 takes O(|V]) time.

The minimum-cost path P is the concatenation of edges
(v* (i), v*(¢F)), which represent processing function ¢7 at
node v*, and the shortest paths between two consecutive
function computation nodes.

Step 2 requires O(|V3|) iterations. Steps 3 and 5 each
require O(|V]) iterations. Therefore, the total time complexity
from Step 2 to Step 11 is O(|V|?|Vz|?). The total time
complexity of the algorithm is O(|V[?|V3]? + |V||E| +
[VI? log [V]). m

The minimum cost path computed by the Algorithm [I]
determines the transmission routes, processing locations, and
the configuration of the elastic service according to Theorem
The running time is polynomial even though there could
be an exponential number of service configurations and paths.
If at each time slot ¢, a policy 7* chooses the minimum cost
path according to Algorithm [I] then Theorem [ shows that
the policy stabilizes the virtual queuing system for any arrival
rate A < A\*.

Theorem 4. Under routing policy ©*, the virtual queue
process {Q(t)} is strongly stable for any A\ < \*, where strong
stability is deﬁned as

lim sup — Z { Z qu

T—o0 t=0 (u,w)EE

B+ Y EQu®)]} < oo

ueV

The proof follows from the standard Lyapunov drift anal-
ysis by defining a quadratic Lyapunov function L(Q(t)) =
D uwyer Quo )+ ey @i (1), and then computing the one-
slot conditional drift of L(Q(t)).

et -
AQ(1) = E(L(Q(t + 1)) = L(Q(1)|Q(1))
<B+2 Y Quut){E[Auw(t)|Q()] — ptun }

(u, v)EE

+2 3 Q

(u,v)EE

O{E[A.M|QW)] — pu},  (10)



where B is finite if the second moment of A(¢) is finite.
Since 7* minimizes Eg. (@), we compare A(Q(t)) under
policy 7* with that under a randomized policy that sup-
ports \*/(1 + ¢) for any ¢ > 0, and prove that the drift
E[L(Q(t + 1)) — L(Q(t))] is negative when the queue length
Q(t) is large; hence, we obtain the strong stability result. The
detailed proof is omitted.

Stability of virtual queues implies that the average arrival
rate to each link (u,v) is no more than the transmission
capacity [y, and the average processing load at node u is
no more than the computation capacity ,,. The total load that
a service contributes to the queue @,,,, at a physical link (u, v)
is the same as the load that it contributes to virtual queue qu
under the same routing, and the total load that it contributes
to the queue (), at a computing node « is the same as the
load that it contributes to virtual queue (), under the same
service function processing location. An extended nearest-to-
origin (ENTO) scheduling policy guarantees queue stability
if the average arrival rate is no more than the service rate in
each queue [|12]], [[13[], [20]]. Under the ENTO policy, when two
packets are in the same queue, the packet that has traversed a
smaller number of hops has higher priority for transmission.
The processing of a service function also counts towards a
hop. Using a similar proof as that in [12], Theorem [5] shows
that the physical queues are rate stable.

Theorem 5. Under routing policy ©* and the ENTO schedul-
ing policy, all physical queues are rate stable for any arrival
rate X\ < \*, where rate stability is defined as

. qu(t) _ .
tll}goT =0, wp. 1, Y(u,v) € E;
w(t
th():o, wp. 1, Yu e V.
t—o00 t

V. NETWORK UTILITY MAXIMIZATION FOR ELASTIC
SERVICES

The above throughput-optimal policy does not differentiate
between service configurations as long as they can be pro-
cessed; in practice, different configurations may yield different
utilities. For example, a high-quality video processing config-
uration might provide better user experience (higher utility)
but use more resources than a low-quality configuration. In
this section, we study how to maximize overall utility in the
elastic service scenario.

Each configuration ®p € ® is associated with a utility
function Us, (1), which gives the utility (per unit time)
of serving at rate r¢,, using configuration ® p. We assume the
utility functions Us, (re,) are increasing and concave. The
Network Utility Maximization (NUM) problem is to choose a
control policy 7 that maximizes the total utility of the delivered
service flow, subject to network stability. Let R, ,(T") denote
the number of services processed by configuration ®p and
delivered to the destination under 7 by time T". Let Q7 (T)
denote the queue length at link (u,v) and let Q7 (7T') denote

the queue length at node u under 7 at time 7. The NUM
problem finds a policy 7* that solves the following problem.

mﬁLX E Z U@P(hpp) (11)
@PEé
. Ry, (T) =
s.t Th—I;gopT =73,,V®p € ®, wp. 1,
Th—r)r(lx;T[ Z Qo +ZQ }:0, w.p. 1.
(u,v)EE ueV

In traditional NUM, the optimal flow rate r lies on the
boundary of the capacity region if there is enough backlog
[21]. There exists a policy that simultaneously maximizes
network throughput and utility. However, to support elastic
services, the policy that maximizes utility may not necessar-
ily maximize throughput. Consider an example of a single
computation node in G where the computation resource is
the bottleneck and has capacity p. To process a single elastic
service function ¢, one configuration ¢, requires 1 unit
computation resource for each unit service flow and has 1 unit
utility after completing the service, and another configuration
@9 requires 2 units computation resource for each unit service
flow and has 3 units utility after completing the service. Sup-
pose that communication resources are sufficient. The policy
to maximize network throughput is to choose configuration
¢1, and the maximum service flow rate is p. The policy to
maximize network utility is to choose configuration ¢, and
the maximum utility is 3u/2 while the service flow rate is

/2, where there is a gap to the maximum throughput.
To solve NUM, we apply the drift-plus-penalty framework
[21]]-[23]] to minimize the objective function

> Qu®Aun®) + D Qu AL =8 Y Unp(Aep(®))

(u,v)EE ueV @PE&)

= 3 {4 () D w0 Quu () 1{(ul@r), o(dr)) € P}
dpcd  (uw(epi)v(dpi))Els

+ Asp (t)z ¢P1

(u(ép,i—1)u(ép,i))€Gg
~ BUs . (Aap (1)) }. (12)

Eq. differs from Eq. (9) in the last penalty term, where
B is a positive constant and Us,(Ag,(t)) is the utility of
processing Ag ,, (t) services using service configuration ®p.

Since the utility function depends on the configuration ®p,
the minimum-cost routing Eq. (9) should be computed for each
configuration ®p € P, instead of using Algorithm |1 I which
computes the minimum-cost routing over all configurations.

The computation of the minimum-cost routing P(t) applies
the classical shortest path algorithm for each ®p € ®. Given
®p, the shortest path from s(¢s) to t(¢;) can be computed
by restricting the search space within the copies of G that
correspond to service functions in ®p and the edges connect-
ing adjacent copies. The cost of an edge (u(¢p;),v(¢p,))
is the product of virtual queue length Q.. (t) and the scaling
factor w®™i. The cost of an edge (u(¢pi—1),u(¢p,;)) is the
product of virtual queue length Qu(t) and the scaling factor

Qut){(u(¢pi-1),u(dr:)) € P}



x?Pi, Recall that w??i and x%# are defined in Section [[II-B
Denote the shortest path corresponding to ®p as P*(®p) and
its length by Cg . (1).

The optimal number of services processed by configuration
® p of the elastic service function chain at time ¢ is denoted by
T3, (t), and is obtained by solving the following mathematical
program.

min 37 [Cap ()ra, (1) — BUa, (ra ()]

<I>p€<§

st Y ren(t) < A(),

<I>p€<§
rop(t) >0, YOp € ®.

(13)

If U, (x) is a linear function Ug,(xz) = hg,z, then the
optimal solution is obtained by selecting ® p~ that minimizes
Cop(t) — Vhep, and setting r3 (1) = A(t) if Ca,. (t) —
Vhe,. < 0and 7y (t) = 0 for all the other ®pr € &\
{®p-}. If Cp,(t) —Vhe, >0, it is optimal to not admit any
packets. If Us,, () is concave and differentiable, then it can
be solved using the optimal flow [24] techniques where C's , —
VU, (r3,(t)) achieves the same non-positive minimum for
T$,(t) >0, and Co,, —VUy , (rg ,(t)) is larger than the
minimum for all 73 (¢) = 0.

The dynamic joint network and service control is summa-
rized in Algorithm [2]

Algorithm 2 Dynamic Joint Network and Service Control to
Maximize Network Utility.

Initialization: Qy,(0) = Qu(0) =0, Y(u,v) € E,u € V.

At each time slot ¢:

1) Route Selection. For an incoming elastic service, con-
struct a product graph Gj. For each ®p € ®, compute
the shortest path P*(®p) from s(¢) to (), where the
cost of an edge (u(¢p.),v(Pp.i)) is WP Quy(t), and the
cost of an edge (u(¢pi_1),u(dp;)) is 2271 Q.,(t). Path
P*(®p) specifies the routing and function processing
nodes.

2) Admission Control and Service Configuration Selec-
tion. Compute 73 (), V®p € ® that minimize . If
r3,(t) > 0, then r3 (t) service arrivals are processed
by service configuration ®p.

3) Packet Scheduling. Each physical link transmits packets
and each computation node processes packets according
to the ENTO policy.

4) Virtual Queues
evolve according

Update.
to Eq.

Virtual queue lengths
, where Ay, =

Ybped Liorlwor)woner) W T, (1) and

Ay = 2ped 2i{¢p,i|(u(dp,i—1),u(¢p,:))EP} aj(bpﬂirfbp (t>

Algorithm [2] ensures network stability and that the achieved
utility is within O(1/5) of the optimal. The proof of Theorem
[6]is based on Lyapunov optimization and follows similar tech-
niques in [22]]. The main difference is that admission control
for different commodities can be computed independently in

[22], while different service configurations share the same
arrival and the decisions are computed jointly in our problem
(13)), similar to the Type 1 flow control constraint in [21]]. The
detailed proof is omitted due to space constraints.

Theorem 6. Algorithm [2] solves the NUM problem (11) and
achieves a utility of at least U* — O(1/3), where U* is the
optimal utility and 8 > 0.

VI. SIMULATIONS

We evaluate the proposed dynamic control algorithms via
simulation, considering both randomly generated elastic ser-
vice chains and specific elastic service chains that model
neural architecture search. Our results verify that the dynamic
algorithms achieve optimal throughput and utility, and perform
significantly better than baselines. For simplicity, we consider
linear utility functions and Poisson arrivals.

We compare our proposed algorithm with two baseline
algorithms: (i) a Random Configuration policy that randomly
chooses a service configuration at each time slot, and (ii)
a Best Static Configuration policy that chooses the best
fixed service configuration over all time slots. For throughput
maximization, the best static service configuration maximizes
throughput. For utility maximization, the best static service
configuration has the maximum utility coefficient.

A. Evaluation on Randomly Generated Elastic Service Chains

First, we simulate a synthetic elastic service chain with
varying sizes. Consider the graph representation for an elastic
service function chain Gg with [ layers, m functions per
layer, and any function in layer i can feed into any function
in layer 7 + 1 with i.i.d. probability d. We test two sizes:
i) Small: I = 6,m = 8,d = 0.5 and (ii) Medium:
I =8,m = 10,d = 0.6. The computation requirement for
each function is an integer uniformly distributed between 1
and 5, and the communication scaling factor is uniform at
random from 0.5 to 2.

We generate a randomly connected computing network
comprising 30 nodes with an average degree of 2. Each node’s
computation capacity is a uniform random integer between
1 and 5, while each link has a bidirectional communication
capacity that is a uniform random integer between 1 and
10. We evaluate throughput over 10° time slots. For utility
maximization, we set the control parameter 5 = 100 and run
the simulation for 106 time slots.

Fig.[3|shows the average packet delay and average utility for
elastic service chains of varying sizes. Our dynamic algorithm
maintains very low delays up until A approaches the capacity
A*, whereas the baseline policies experience rapidly increasing
delays (and instability) at much lower rates. The flexibility
of service configuration increases network throughput, since
requests are served by more than one configuration. For utility
maximization, our algorithm achieves similar utility compared
with the Best Static Configuration policy when arrival rates are
low, where all arrivals can be processed by the configuration
that has the highest utility. When arrival rates are high, our
policy may choose a configuration that has a lower utility
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to complete the service, but occupies even lower network
resources, yielding a higher average utility.
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B. Evaluation on Neural Architecture Search Applications

We next simulate two elastic service function chains drawn
from neural architecture search.

1) NASNet (CIFAR-10) case [25|]]: The first scenario is
based on the NASNet search space for image classification.
The network architecture consists of interconnected normal
cells and reduction cells. For CIFAR-10, a typical model has
three blocks of normal cells (which preserve feature map size)
interleaved with two reduction cells (which downsample the
feature map). We treat the number of normal cells as elastic:
each block can contain between 1 and 7 normal cells (as in
[25]], which sets 7 as the max). Thus, the service chain has the
structure: input — (Block 1: ¢~>1 normal cells) — (Reduction
cell) — (Block 2: qNSQ normal cells) — (Reduction cell) —
(Block 3: <£3 normal cells) — output. Each (5% is an elastic
function representing a sequence of 1-7 normal cells.

We estimate resource requirements as follows: for a 32 x
32 image with 32 initial channels, each normal cell involves
roughly 2.4 x 107 FLOPs, and each reduction cell about 9x 106
FLOPs. The normal cells do not change the spatial resolution,
while each reduction cell halves the image height and width
(reducing data size by a factor of 4). We simulate a computing
network of 9 nodes arranged in a 3x3 grid. Each node has a
computation capacity of 1 TFLOP/s, and each link can transfer
up to 60 GB/s.

2) Llama-NAS (Transformer) case [26]]: The elasticity lies
in the intermediate layer widths of a Transformer model.
We consider a model of 24 layers, where each layer’s feed-
forward network (MLP) can have either 5504 or 11008 hidden
units (these two choices come from [26]). Thus, each layer
is an elastic function ¢ with two options. We estimate that
processing one token (sequence length 1000) with one layer
of width 5504 requires about 1.06 x 1011 FLOPs, and with
width 11008 requires 2.11 x 10! FLOPs. The sequence length
remains 1000 throughout (no change in data size and {4 = 1).
We simulate a 16-node physical network (4x4 grid) with each
node offering 20 TFLOP/s and each link offering 60 GB/s
bandwidth.

Due to the large number of configurations, we compare our
algorithm with the Random Configuration baseline. Our algo-
rithm is able to support significantly higher arrival rates before
delays grow. The throughput is approximately 3 times that of
the Random Configuration for NASNet and 50% higher for
Llama-NAS. Since larger size models have higher accuracy,
we assign larger utilities to larger models. The utilities are
chosen in the range of 5 to 10. To validate admission control
and service configuration under overload, we consider arrival
rates outside the capacity region. Specifically, for NASNet
we set the arrival rates to 100 x 103 (ours) and 30 x 103
(Random Configuration) and run for 1 x 10° time slots; for
Llama-NAS we set them to 130 (ours) and 90 (Random
Configuration) and run for 3 x 10° time slots. To capture
steady-state behavior, we compute the average utility over the
final 2 x 10* time slots. The time average utilities achieved
by our algorithm (compared to the Random Configuration)
are 4.02 x 10° (compared to 1.62 x 10%) for NASNet; and
6.38 x 102 (compared to 4.64 x 10?) for Llama-NAS.

VII. CONCLUSION

Elastic services have flexible processing configurations and
can be adaptive to changing network conditions. We develop
a simple yet representative model for elastic services, and
formulate the maximum elastic service flow problem. We char-
acterize the network capacity region for elastic services using
linear program formulations, and develop online algorithms
that jointly optimize routing, processing, scheduling, and con-
figuring elastic services to maximize network throughput and
utility under stochastic arrivals. Joint optimization of network
resources and service configurations substantially improves the
network’s ability to support elastic services, as demonstrated
in applications such as distributed machine learning.
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