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Abstract—Emerging computation-intensive intelligent services
can be decomposed into subtasks whose dependencies are mod-
eled as directed acyclic graphs (DAGs). To support such services,
the maximum multi-commodity service DAG flow (MMCF-DAG)
problem aims to compute routing paths and processing locations
to maximize the total flow under fixed network communica-
tion and computation resources. We develop a parameterized
(1 — €)-approximation algorithm UVMP-MWU with slice-wise
polynomial (XP) time complexity, based on an exact oracle for
the unconstrained valid mapping problem (UVMP) and multi-
plicative weight updates. Moreover, we apply column generation
and develop UVMP-CG, which achieves the same performance
guarantee and executes much faster in practice. To further
reduce runtime, we apply heuristics for UVMP as subroutines in
both UVMP-MWU and UVMP-CG. Simulations show that the
algorithms substantially reduce runtime compared to the exact
linear programming approach and achieve higher throughput for
AI workflows.

I. INTRODUCTION

The proliferation of artificial intelligence (Al), particularly
large language models (LLMs), is reshaping network demands.
Emerging services, including Al training and inference, as well
as embodied Al, impose intensive communication and compu-
tation resource requirements. The end-to-end performance of
these services relies on the joint availability of link bandwidth
and node processing capacity. Consequently, operators need
to determine the maximum service demand that can be served
given fixed communication and computation resources.

Accurately determining this capacity limit is challenging, as
emerging workloads exhibit increasingly complex structures.
Although service function chains are well-studied, they fail
to capture the complex fork—join patterns [1], [2] inherent
in modern pipelines. Prominent examples include Mixture-of-
Experts (MoE) architectures [3], Al workflows [4], [5], and
deep learning computation graphs [6]. In these applications,
data flows can be split into parallel branches for processing
(e.g., token dispatching to experts in MoE architectures) and
subsequently aggregated (e.g., token combining after the ex-
pert computation). Capturing these complex structures necessi-
tates a model capable of representing fork—join dependencies.
To this end, we adopt a service directed acyclic graph (service
DAG) model, wherein nodes represent service functions and
edges represent execution dependencies. The service DAG
model generalizes the service function chain model, enabling
accurate characterization of fork—join services. As illustrated
in Fig. 1, serving a service DAG requires jointly placing
functions and routing flows to satisfy both resource constraints
and DAG-structured dependencies.

Raw data flow at

b 49
stage (S, , A%?) Output flow completely

processed by the
service DAG ¢

Fig. 1. [Illustration of the service DAG model and its execution over a
distributed computing network. The top depicts DAG dependencies, and the
bottom depicts the induced joint function placement and flow routing in the
distributed computing network.

Building on the service DAG model, we study the maximum
multi-commodity service DAG flow (MMCF-DAG) problem,
which maximizes total admitted demand by jointly optimizing
function placement and flow routing under fixed network
communication and computation resources. Analogous to the
classical maximum flow in communication networks, MMCEF-
DAG quantifies the maximum throughput of service DAGs via
fractional flow splitting and resource allocation.

A. Related Work

1) Maximum flow for computing networks: Several works
have studied the maximum flow problem under the service
function chain model. Charikar er al. [7] proposed a (1 — €)-
approximation algorithm for the maximum service function
chain flow problem. Kuo et al. [8] utilized randomized round-
ing and heuristics to obtain polynomial-time near-optimal so-
lutions for the maximum service function chain flow problem.
When function placement is fixed, Sallam et al. [9] proposed
a Ford-Fulkerson-based approach that reduces the problem
to repeated shortest path computations under service function
chain constraints.

Beyond service function chains, Lin ef al. [10] studied
network edge deployment of services with DAG dependencies,
aiming to maximize the throughput. They formulated an in-
teger linear program and developed approximation algorithms
based on randomized rounding.

2) Virtual network embedding (VNE): The VNE problem
maps virtual graphs onto physical infrastructures [11], [12].
Standard formulations typically associate each request with a
fixed demand and aim to maximize the acceptance ratio or the
profit of accepted requests subject to these demands. Under



these formulations, VNE is NP-complete and inapproximable
[13].

3) Device placement for deep learning computation graphs:
Device placement maps a deep learning computation graph (a
DAG) onto heterogeneous devices to minimize execution time
or energy [6], [14]-[16]. Most prior work uses reinforcement
learning or heuristics to optimize the placement of a single
DAG instance.

Despite the extensive literature, a critical gap remains. First,
prior studies on device placement typically optimize a single
DAG instance and thus ignore contention among concurrent
flows. Second, in multi-commodity settings, existing works
exhibit distinct limitations. Approaches such as NEST [10]
restrict solutions to discrete embeddings and treat each request
as indivisible. By contrast, although VNE formulations may
allow fractional flow splitting, they assume fixed demands
and aim to maximize the acceptance ratio or profit subject to
these demands [12]. Both paradigms preclude characterizing
the network capacity region. To the best of our knowledge,
no prior work studies the maximum multi-commodity service
DAG flow problem in which flow volumes are continuous
decision variables constrained only by physical capacities.

B. Contribution

Solving the MMCF-DAG problem is nontrivial due to the
inherent complexity of service DAGs. First, DAG dependen-
cies make the decision space grow exponentially in the sizes of
the service DAG and the physical network, since each function
and dependency may admit multiple processing and routing
realizations. Second, multi-input and multi-output functions
require flow splitting and merging, so the classical flow
conservation law at each node does not apply. Consequently, a
new methodology is needed to model service DAG processing
and characterize the network capacity region.

To address these challenges, we formulate a linear program
(LP) that captures function processing, flow routing, and traffic
scaling of service DAGs. To avoid exhaustive enumeration in
the exponential decision space, we develop two parameterized
(1 — ¢)-approximation algorithms: UVMP-MWU and UVMP-
CG. The main contributions of this paper are summarized as
follows:

o We formulate MMCF-DAG as an LP in which fractional
flows are jointly routed and processed. We identify the
unconstrained valid mapping problem (UVMP) as the
core subproblem and prove its NP-completeness via a
reduction from the Multiway Cut problem.

e We develop two approximation algorithms: UVMP-
MWU, which leverages multiplicative weight updates
to penalize congested resources, and UVMP-CG, which
uses column generation to iteratively identify effective
service DAG computations.

o We prove that both algorithms achieve a parameterized
(1 — €)-approximation to the optimum when utilizing an
exact UVMP oracle. UVMP-MWU runs in slice-wise
polynomial (XP) time parameterized by the service-DAG
treewidth, while UVMP-CG converges more efficiently

than UVMP-MWU. Extensive simulations show that both
algorithms achieve near-optimal throughput substantially
faster than exact LP solvers, and that UVMP-CG is much
faster than UVMP-MWU in practice.

The rest of this paper is organized as follows. Section II in-
troduces the system model and problem definition. Section III
formulates MMCF-DAG as an LP for an exact solution. Sec-
tion IV develops approximation algorithms for MMCF-DAG.
Section V presents numerical results. Section VI concludes
this paper.

II. SYSTEM MODEL

In this section, we introduce the system model and formally
define the MMCF-DAG problem.

A. Service DAG Model

Consider a service request with execution dependencies
modeled by a DAG (V?, E?), where V? denotes the set of
service functions and £ denotes the set of dependency edges.

To capture the data input and output, we designate the
functions handling raw input as source functions V¢ and the
functions producing final output as sink functions Vf. We
construct an augmented service DAG by introducing a set of
auxiliary service sources S = {S? | i € V2} to feed input
data to source functions, and service sinks D® = {D? | i €
Vdd’} to accept output data from sink functions. For instance,
in Fig. 1, A? and F? are designated as the source and sink
functions, corresponding to the service source Sj and service
sink D?, respectively. These auxiliary nodes are connected to
the core DAG via ingress edges E¢ = {(S%,i) | i € V&}
and egress edges B¢ = {(i, Df) |ie Vf}. Consequently, the
complete service DAG is denoted by ¢ = (V¢, E?), which
includes the original DAG as well as the input and output
nodes.

We characterize the flow dynamics using scaling factors.
Let €9 and r* denote the traffic scaling factors for dependency
(i,7) € E? and the computation requirement for function i €
V¢, respectively. The processing logic is defined relative to
a unit of service flow: to process one unit of flow, function
i aggregates input data of volume &** from each immediate
predecessor k, consumes r* units of computation resources,
and subsequently generates output traffic of volume £ on
each outgoing edge (i,q). This mechanism is illustrated in
Fig. 1, where function C'? aggregates one unit of flow from
A? and three units from B?, yielding an output of two units on
edge (C?, F?). Following this processing logic, the external
input and output data volumes per unit of service flow are
determined by {£(57) : i € V#} and {¢(:PD) ;i € VY,
respectively.

B. Computing Network Model

A computing network is modeled as a directed graph G =
(V,E), where V is the set of nodes and E is the set of links.
Each node u € V' can forward packets to its neighbors (acting
as a router) or host service functions (acting as a computing
server). Each link (u,v) € E represents a connection from



node u to node v. Let u, denote the computation resources
available at node w, and let p.,, denote the communication
resources available on link (u,v).

C. Traffic Model

A commodity (¢, ¢) is specified by a set of physical source
nodes S¢ C V, a set of physical destination nodes D® C V,
and a service DAG ¢. There is a one-to-one mapping between
the service DAG’s auxiliary service source/sink nodes and
the commodity’s source/destination nodes: each service source
Sfx € S? is anchored to a specific source node S§ € S¢,
representing that node S feeds data into the input of source
function A?. Similarly, each service sink Dﬁ € D? is
anchored to a destination node D¢ € D¢, representing that
node D¢ receives the output of sink function A¢. For example,
in Fig. 1, the assignment S = u; indicates that physical node
u1 injects data into function A?, whereas DS = uy indicates
that node w4 collects the output of function F'¢. It is important
to clarify that S¢ and D¢ are distinct from S? and D?. The sets
5S¢ and D¢ are source and destination nodes in the computing
network, while S?® and D? refer to service sources and sinks
of the service DAG, respectively.

Let (C,®) denote the set of all commodities. Building on
these definitions, we formally define the problem.

Definition 1 (Maximum multi-commodity service DAG flow
problem). Given a computing network G with fixed commu-
nication and computation resources ({fiyy,tv}), and a set
of commodities (C, @), the maximum multi-commodity service
DAG flow (MMCF-DAG) problem determines the routing paths
and processing locations for each commodity (¢, ¢) € (C, ®)
to maximize the total delivered service flow across G. The
solution must ensure that the flow of every commodity is fully
processed according to its service DAG.

Next, we address the MMCF-DAG problem through exact
formulation and approximation algorithms in Sections III
and IV, respectively.

III. LP-BASED SOLUTION FOR MMCF-DAG

In this section, we introduce the unconstrained valid map-
ping problem as a core building block and develop an LP
formulation for MMCF-DAG.

A. Unconstrained Valid Mapping Problem (UVMP)

The traditional maximum flow problem has two types of LP
formulations: flow-based and path-based. The flow-based LP is
constructed by enforcing flow conservation at each node, while
the path-based LP is constructed by enumerating all paths in
the network. The standard flow-based formulation may yield
solutions that cannot be decomposed into valid service DAG
computations (as detailed in Remark 1). Consequently, we
formulate the MMCF-DAG problem in a path-based fashion.
To this end, we introduce the concept of an unconstrained
valid mapping, which generalizes the notion of a “path” for
service DAGs.

Definition 2 (Unconstrained valid mapping). For a commodity
(¢, ¢), an unconstrained valid mapping m assigns each service
DAG node i € V? to a physical node m(i) € V and each edge
(i,4) € E? to a routing path in G that originates at m(i) and
terminates at m(j).

Each service source or sink in the service DAG is fixed to
its corresponding source or destination node, i.e., m(Sf ) =
S¢.i € V¢ and m(D?) = D¢, Vi € Vf, according to the
traffic model in Section II-C. Additionally, if two adjacent
service DAG nodes ¢ and j are mapped to the same node, their
dependency edge is mapped to an empty path: m(i,j) = 0.
An empty dependency mapping indicates that the data transfer
from function ¢ to function j is local to a computation node
and does not use any communication links.

Definition 3 (Unconstrained valid mapping problem). Let
¢y denote the unit processing cost at node wu, and let
Cuy denote the unit transmission cost over link (u,v).
The cost of an unconstrained valid mapping m for com-
modity (c,¢) is defined as cost(m) = ) v Ticm(i) +
Z(i,j)eE¢ & Z(u7,u)€,,n(i7j) Cuv. The unconstrained valid
mapping problem (UVMP) determines a mapping m to mini-
mize the cost cost(m) for a given commodity (c, ¢).

The term ‘“unconstrained” indicates that any function ¢ €
V¢ can be mapped to any computation node, and data between
any adjacent functions (i,j) € E? can be routed through
any feasible path. The related valid mapping problem (VMP),
studied in [12] and [13], imposes additional mapping con-
straints (e.g., restricting which computation nodes can host
specific functions or which communication links can realize
particular function dependencies). This paper studies the max-
imum flow problem, focusing specifically on the UVMP rather
than the constrained VMP. Although relaxing these placement
constraints may appear to reduce the problem to a shortest path
computation, we prove that UVMP remains NP-complete.

Definition 4 (Decision version of UVMP). Given a commodity
(¢, @), a computing network G = (V, E), and a cost threshold
W, the decision version of UVMP (UVMP-Dec) asks whether
there exists an unconstrained valid mapping whose total cost
is at most W.

Theorem 1. If |V| > 3, UVMP-Dec is NP-complete.

Although the NP-completeness of VMP was established
in [13], that proof does not apply to our unconstrained variant.
We therefore prove NP-completeness via a reduction from
Multiway Cut. The complete proof is provided in Appendix A.

B. Formulation of MMCF-DAG

Let M denote the global set of unconstrained valid map-
pings across all commodities. For each mapping m; € M,
let (ck, ¢r) identify the specific commodity associated with
my. Accordingly, let 0 represent the amount of commodity-
(ck, @) flow that is routed and processed according to map-
ping mg.



We define functions N (k, (i,75), (u,v)) and P(k,i,u) to
quantify the resource requirements for each mapping. For a
given mapping my € M, N(k, (i,j), (u,v)) specifies the
communication resources on physical link (u,v) required to
support one unit of commodity-(cy, ¢r) flow associated with
dependency (¢,j), and P(k,i,u) specifies the computation
resources at node u required to process one unit of commodity-
(ck, ¢x) flow for function i.

gija if (’LL, 'U) € mk(lvj)
0, otherwise.

3

N(kv (ivj)v(uav)) = {

,,,.'L

P(k,z’,u):{ 0

Accordingly, we formulate the MMCF-DAG problem as
the linear program below. Throughout the paper, ), denotes
summation over all mappings my; € M. For a fixed mapping
Mk, Y2(; ;) and >, denote summations over all dependency
edges (i,7) € E? and all service functions i € V9,
respectively.

if mg(i) =u
otherwise

(MMCF-DAG)  max Zk:ak

stY Y 0N (k, (i 5), (4,0) <, ¥(u,v) € E,
k(i)
>N kP (kyiyu) < p,Vu €V,

k %
0. > 0,Vk.

By enumerating unconstrained valid mappings, the formula-
tion generalizes classical network flow to service DAG flows.
It captures resource consumption on communication links and
computation nodes, and explicitly characterizes the decision
space of joint routing and processing, thereby maximizing total
service DAG throughput.

However, the number of unconstrained valid mappings
grows exponentially in the sizes of the service DAG and
the physical network. Moreover, Theorem 1 demonstrates that
the underlying UVMP—a generalization of the shortest path
problem—is NP-complete. These complexities make exhaus-
tive enumeration computationally prohibitive. Accordingly, the
next section develops efficient approximation algorithms that
avoid enumerating unconstrained valid mappings.

Remark 1. In [17], it is proved that solutions to a flow-based
LP relaxation of the VNE problem may not be decomposed
into valid embeddings. Similarly, we can construct counterex-
amples (even with acyclic service graphs) where a solution to a
Sflow-based LP cannot be decomposed into a set of service DAG
flows. Therefore, we focus on the LP formulation that explicitly
enumerates all unconstrained valid mappings to compute the
MMCF-DAG flow.

IV. APPROXIMATION ALGORITHMS FOR MMCF-DAG

In this section, we develop two parameterized (1 — e)-
approximation algorithms for the MMCF-DAG problem:

UVMP-MWU and UVMP-CG. The theoretical (1 — €) guar-
antees rely on an exact oracle (DynVMP [12]), which runs in
XP time parameterized by the service-DAG treewidth [12].

A. The UVMP-MWU Algorithm

The UVMP-MWU algorithm builds on the multiplicative
weight update (MWU) method [18], a powerful approxima-
tion framework for fractional packing and covering linear
programs. Existing MWU-based approximations for multi-
commodity flow with in-network processing typically assume
linear service function chains with a single function [7] and
therefore do not capture the fork—join dependencies inherent
in service DAGs.

To solve MMCF-DAG, we associate one expert with each
physical resource to enforce its capacity constraint: for each
link (u,v) we define a link expert with weight w,,,, and for
each node u we define a node expert with weight w,,. Let 8 be
a feasible solution to MMCF-DAG. For each expert associated
with link (u, v) and node u, define the gain H,,,,(0) and H,(0)
as the corresponding fractional resource consumption under 6.

Huv(e) = (Z Z gkN(kv (iaj)v (uvv)))/uuva
k(i)

k

To mitigate congestion, MWU penalizes heavily utilized
resources via multiplicative weight updates: Wy, < Wy, (1 +
€)Hww (@) p,  wy (1 + €)7+(®) By repeatedly computing
a minimum weight solution, i.e., the least congested service
DAG realization under the current weights, the algorithm
routes flow toward lightly loaded resources. This mechanism
balances utilization across links and computation nodes and
improves the aggregate service DAG flow.

To identify the minimum-weight solution in each iteration,
we employ the DynVMP algorithm [12], which computes the
minimum-cost unconstrained valid mapping via tree decom-
position and dynamic programming. The mapping costs are
defined as follows: the cost of mapping a dependency edge
(i,4) to a physical link (u,v) is set to £Ywy. /piuy, and the
cost of mapping a function i to a node u is set to 7wy, /i
DynVMP minimizes the total cost with a parameterized com-
plexity of O(|V¢[>|V|?"(72)+3) where tw(7T4) denotes the
width of the tree decomposition 7Ty [12].

Algorithm 1 summarizes the UVMP-MWU algorithm. It
initializes all link and node expert weights to a small positive
value § € (0,1), chosen as a function of the network size
and the target accuracy e to ensure convergence, as specified
below.

In(i4e) In(|V|+|E)+In?(14¢)
5 — e( c—cZ—In(lte) +1n(1+6)>

It then executes three core steps at each iteration t:
(i) Mapping Selection: It invokes DynVMP to compute a
minimum-cost unconstrained valid mapping 7(*), that is, the
mapping minimizing weighted congestion under the current



expert weights (w,(fg, wq(f)); (ii) Flow Assignment: Compute

the resource loads of per-unit flow induced by the selected
mapping () on each substrate link (u,v) and node wu:
g’“’ (m(t)) Aé Z(z,_} Z(u v’)Ern“)(z 7) EZ] ]I{(u ’U) = (ul 1)/)}
L, (m®) & S ri{u = m® (i)}, where >y and 37,
range over the dependency edges and service functions of the
commodity associated with 11(*), respectively. The algorithm
then sets «; to the maximum admissible flow on 772(*), limited
by the bottleneck capacity among its constituent resources,
as in (1). It then forms the flow increment vector g(*) by
setting the entry for /(") to oy and all other entries to zero;
(iii) Weight Update: It updates the expert weights multiplica-
tively according to the resource consumption induced by g(*).
The algorithm terminates when any expert weight reaches
(or exceeds) 1. Finally, the accumulated flow is divided by
log,, .((1 4+ €)/0) to ensure that all capacity constraints are
satisfied.

. Huv
Q¢ =1min min —
{(u,v)EE:Zuyv(m(”)>0€uv(m(i)) UEV iy, (m('))>0£ m(t)

(1)

Algorithm 1 UVMP-MWU Algorithm
1: Set t = 1. Initialize global solution 6 < 0.
2: Initialize weights wl(w + ¢ for all (u,v) € E and wy,
6 forallu e V.
3: while True do

(1) .

4: if I(u,v) s.t. w&tg > 1 or Ju s.t. w&t) > 1 then

5: Return scaled solution m.

6: Mapping Selection:

7. for each commodity (c,¢) € (C,®) do

8: Compute optimal mapping ., ¢) via DynVMP.

9: Select M)« e g where (c*,¢*) =
arg min . ¢) cost(1mc,q))-

10: Flow Assignment: Compute the maximum admissible
flow value a; on () via (1).

11: Construct increment vector g(*) by setting the entry

for m® to «; and others to 0.
12: Update global solution: 8 + 6 + g®
13: Weight Update:

14: for each link (u,v) € E do

15: Calculate utilization H,,(g(¥)) induced by the
increment.

16 Wl wB (1 + ) Hue @),

17: for each node v € V do

18: Calculate utilization H,(g(*)) induced by the in-
crement.

19: wq(fﬂ) — wq(f)(l + e)H'“(g<t)).

20: t<«t+1.

Let f(6) denote the total flow value of a solution 8, i.e.,
f(8) =", 0. Let 0" be an optimal solution to MMCF-DAG.

Theorem 2. Using an exact UVMP oracle (e.g., DynVMP)
in each iteration, UVMP-MWU guarantees a flow value of at

least (1 —¢€)f(0™).

We provide a proof sketch here; the complete proof is
omitted due to page limitations. Let R £ E U V denote
the set of link and node constralnts (experts), with weights
{w,t),Vr € R}, and let ¥® £ S~ eRw,(» . Define the
MWU distribution D® by Pr[} w /T®, and de-
fine the expected gain as H (D), 0) = EreR Pr[r] H,(0).
Let A® be the minimum ma(pplng cost returned by Dyn-
VMP under costs c,, = wuo /uuu and ¢, = wff) /.-
Then H(D®,g®) = o, A® /T, Since DynVMP returns
a minimum-cost mapping, an optimal solution 6" satisfies
H(DW,0%) > (£(6*) AM)/¥®, and hence H(D®,g®) <
ay/ f(0%). Applying the standard MWU packing bound [7],
[18] together with the stopping condition max,cr wﬁt) 1
(equivalently, max,er H,(0) > log, . (1/6)) yields f(0) >
(1 —€) f(6") logy (1<) . Scaling down by log;,  (++¢)
enforces feasibility, completing the proof.

Complexity analysis. Since the weight of any single expert
reaches or exceeds 1 after at most In(1/6)/In(1 + ¢) updates,
and these updates may be distributed across |E|+ |V| experts
in the worst case, UVMP-MWU terminates after at most
(IE| + V) In(1/8)/In(1 + €) iterations. In each iteration,
the algorithm invokes DynVMP for every commodity (¢, ¢) €
(C, ®) to identify the globally minimum-cost mapping. Com-
bining this bound with the runtime of the DynVMP oracle
[12] yields an overall complexity of

O((|E|+|V>1;g(|E|+V|) >

|V¢‘3 |V‘2tW(T¢)+3 )
(e,)e(C,®)

Hence, the algorithm runs in XP time: for any fixed
treewidth tw(7y), the runtime is polynomial in the input size.

B. The UVMP-CG Algorithm

UVMP-CG addresses the exponential dimensionality of
MMCF-DAG via column generation. Unlike prior VNE ap-
proaches that pursue exact solutions [12], UVMP-CG uses the
value of the pricing subproblem to upper-bound the optimality
gap, thereby certifying a parameterized (1 — €)-approximation.
This approximation enables early termination, reducing the
number of iterations in practice while preserving throughput
guarantees.

Restricted master problem. UVMP-CG maintains a re-
stricted master problem and a pricing subproblem. The re-
stricted master problem considers only a subset of mappings
M’ C M. By introducing slack variables s,, and s, for
link and node capacity constraints, respectively, the restricted
master problem can be written in standard form:

Inae}xﬁ—rm st. Aix=p, x>0
where p € RIFITIVI denotes the vector of link and node
capacities, @ contains the mapping variables for M’ and
the slack variables, A, is the associated constraint matrix,
and 3 is the coefficient vector, with entries equal to 1 for
mapping variables and 0 for slack variables. In each iteration,
we solve the restricted master problem to optimality via the



simplex method and obtain the current optimal value z. Let
B denote the current basis matrix, i.e., a square submatrix of
A,. The dual vector associated with the current optimal basis
isp’ = B;Bfl, where B denotes the coefficient vector of
the variables in the current basis. The components p,, and
Dy, serve as shadow prices for the capacity constraints of link
(u,v) and node u, respectively.

Pricing subproblem via DynVMP. The key step of
UVMP-CG is to select a new mapping column with the
maximum positive reduced cost. For a mapping myg, let
A, € RIPHIVI denote its resource consumption column
in MMCF-DAG (with entries induced by N(-) and P(-));
the reduced cost is 1 — p' Aj. Maximizing this reduced
cost is equivalent to finding mapping my that minimizes
pTA_k, Le., ming_; _ |m| Z(i,j) &Y Z(u7v)emk(i7j)pu11 +
> i ""Pmy(iy- This minimization coincides with the UVMP in
Definition 3 by setting the resource costs to the current shadow
prices, i.e., Cyy ¢ Puy and ¢, < p,. We invoke the DynVMP
oracle for each commodity (c,¢) € (C,®) to find its local
minimum-cost mapping, and then select the mapping with the
lowest cost among all commodities. If this global minimum
cost is less than 1, the associated column has a positive reduced
cost and is added to M’.

Optimality Gap and Termination. Consider the dual of the
MMCF-DAG LP: min{u'y : ATy > 1, y > 0}, where
A denotes the constraint matrix that includes all mapping
variables. The dual vector p is optimal for the restricted master
problem (and thus dual-feasible for the columns in M), but it
may violate the dual constraints corresponding to columns that
have not yet been generated. The pricing subproblem identifies
the most violated dual constraint (equivalently, the column
that minimizes p ' A}), thereby enabling the construction of
a feasible dual bound for the full problem.

Let £ ming_y . |m| p ' A}, denote the minimum resource
cost computed by the pricing oracle. If v > 1, the maximum
reduced cost 1 — v is non-positive, implying that the current
solution is globally optimal. If 0 < v < 1, the current dual
vector p may violate dual feasibility for ungenerated columns.
However, we can construct a feasible dual vector for the
global problem by scaling: p; = p/y. Since p' A;, > 7
for all &, it follows that p;Ak > 1, satisfying all dual
constraints. By weak duality, the optimal primal flow f(6)
is upper-bounded by the dual objective value of pgy, ie.,
f(0") < pjp=P# = 2, where the last equality holds by
strong duality of the restricted master problem (z = p' ).
Therefore, z > ~f(6"). The algorithm terminates when
v > 1 — ¢, which guarantees z > (1 —¢€) f(0™).

Theorem 3. Using an exact pricing (UVMP) oracle (e.g.,
DynVMP), UVMP-CG guarantees a flow value of at least

(1—e)f(07).

Algorithm 2 summarizes the overall procedure. It initializes
with slack variables and iteratively solves the restricted master
problem, invokes DynVMP to select the column with maxi-
mum reduced cost, adds the generated column to the restricted

master problem, and checks the duality gap for termination.

Algorithm 2 UVMP-CG Algorithm
1: Initialization: Initialize A, < I, B + I, © < u, and
coefficients 3 < 0.
2: while True do
Solve restricted master problem: Solve restricted
master problem to optimality. Obtain primal value z and
dual vector p.
Pricing:
for each commodity (¢, ¢) € (C,®) do
: Compute best mapping 17, 4) for each commodity
(¢, ¢) via DynVMP using prices p.

7: Select (c*, ¢*) «— argming, s\e(c,a) pTAm(w).
8: Set 1M <= M- ¢+) and v < p A

9: if v > 1 — ¢ then

10 Return current solution x.

11: Update: Add the generated column A, (with objec-
tive coefficient 1) to the restricted master problem.

Convergence and complexity analysis. Under an anti-cycling
pivot rule (e.g., Bland’s rule), UVMP-CG terminates after
at most T, < |M)| iterations, since each iteration adds
a new mapping and no more than |M| mappings ex-
ist. The complexity of the pricing subproblem is Tpice =
Y. O(IVOP V[P (T2)F3) [12]. Let Tip(m, n) denote the
time complexity to solve a linear program with m constraints
and n variables. At iteration ¢, the restricted master problem
has |E|+|V| constraints and | E|+|V |4t nonnegative variables
(slack variables and ¢ generated mapping variables). Thus,
the per-iteration cost is XP in the treewidth and is bounded
by O(Tie(|E| + |V, |E| + |V| +t) + Tprice). Although the
number of iterations 7. has no worst-case polynomial bound,
empirical results in Section V demonstrate that UVMP-CG
converges in far fewer iterations than UVMP-MWU.

Remark 2. The DynVMP algorithm is the most computation-
ally intensive step in both UVMP-MWU and UVMP-CG. In
practice, one can use approximation algorithms for DynVMP
to reduce the runtime. In Section V, we replace DynVMP
with a heuristic. While this heuristic variant does not retain
the theoretical (1 — €) guarantee, simulations show that it
still empirically outperforms representative domain-specific
baselines under the same throughput metric.

V. SIMULATION RESULTS

In this section, we evaluate UVMP-MWU and UVMP-CG
through extensive simulations'.

A. Experimental Setup

We evaluate three physical topologies: a 2 x 3 mesh, the
Abilene backbone (11 nodes, 14 links) [19], and the Milan
network (30 nodes, 35 links) [20]. All link and node capacities
are set to 1 unless stated otherwise. We consider two workload

TAll simulations are executed on a computer equipped with 16 GB RAM
and a 12th Gen Intel Core i5-12600KF CPU running at 3.7 GHz.



classes: (i) Synthetic DAGs: each contains 3-5 functions with
scaling factors sampled uniformly from {1,...,5}; and (ii) Al
DAGs, including computation graphs (ResNet-50, Inception-
V3, BERT) and MoE models (Mixtral 8 x 7B, Llama-4-
Maverick-17B-128E, and Qwen3-235B-A22B).

We implement UVMP-MWU and UVMP-CG, replacing
DynVMP with the RW-MaxMatch heuristic [21] for large
Al DAGs. Baselines include the LP optimum computed by
Gurobi [22] and domain-specific algorithms: HSDAG [6],
Lazarus [23], and FlexMoE [24].

B. Performance Analysis of Approximation Algorithms

This subsection evaluates the approximation guarantee, con-
vergence behavior, and runtime efficiency of UVMP-MWU
and UVMP-CG for the MMCF-DAG problem.

1) Approximation guarantee: We verify the (1 — €)-
approximation guarantee of UVMP-MWU and UVMP-CG
on a 2 X 3 mesh network with three commodities, each
associated with a three-function service DAG. We test € €
{0.05,0.10,0.20} and report results averaged over 10 trials.
Table I compares UVMP-MWU and UVMP-CG with the LP
optimum computed by Gurobi.

TABLE I
PERFORMANCE GUARANTEE OF UVMP-MWU AND UVMP-CG.

LP UVMP-MWU UVMP-CG
Obj. val
). vae Obj. value Approx. ratio Obj. value Approx. ratio
0.05 0.72 1 0.72 1
072 010 072 1 0.72 1
0.20 0.71 0.99 0.70 0.97

As shown in Table I, both algorithms consistently achieve
the promised approximation ratios across all settings. For
tighter tolerances (¢ = 0.05 and ¢ = 0.10), UVMP-MWU and
UVMP-CG attain approximation ratios close to 1. Even for
e = 0.20, the observed ratios (about 0.99 for UVMP-MWU
and 0.97 for UVMP-CG) remain well above the theoretical
lower bound (1 — ¢) = 0.80. Overall, these results validate
Theorems 2 and 3: the proposed algorithms guarantee the
(1 — €)-approximation and, in practice, often deliver near-
optimal solutions far better than the worst-case bound.

2) Convergence analysis: Using the same simulation setup,
we study the convergence of UVMP-MWU and UVMP-CG
using € € {0.4,0.3,0.2,0.1,0.05,0.01}. Table II reports the
average number of iterations under different € values.

TABLE 11
COMPARISON OF AVERAGE ITERATIONS FOR UVMP-MWU AND
UVMP-CG UNDER DIFFERENT €.

€ UVMP-MWU  UVMP-CG
0.4 154 20
0.3 277 23
0.2 647 31
0.1 2,751 35
0.05 11,622 44
0.01 331,561 62

As observed in Table II, the two algorithms exhibit distinct
convergence behaviors. UVMP-CG converges in substantially
fewer iterations than UVMP-MWU. This is because UVMP-
CG, via the simplex method on the restricted master problem,
selects mappings (columns) with the maximum reduced cost at
each step. In contrast, UVMP-MWU performs multiplicative
weight updates, which operate as a first-order method and typi-
cally require many smaller updates to converge. Consequently,
the reduction in iteration count suggests that UVMP-CG is
more computationally efficient. We next evaluate on the Abi-
lene and Milan topologies to demonstrate that this convergence
advantage translates into shorter wall-clock runtime.

3) Runtime comparison: The LP of MMCF-DAG contains
an exponential number of mapping variables, which makes
a direct solution intractable on large instances. In our sim-
ulations, Gurobi fails to solve the LP within a time limit of
100,000 seconds on the Milan topology. We therefore compare
only UVMP-MWU and UVMP-CG on the Abilene and Milan
networks under two settings: (i) five commodities with four-
function DAGs, and (ii) two commodities with five-function
DAGs. Table III reports the objective values and wall-clock
runtimes under these scenarios, averaged over 10 trials.

As indicated in Table III, both proposed algorithms can
handle large-scale instances for which the exact LP solver fails.
In terms of efficiency, UVMP-CG substantially outperforms
UVMP-MWU: across all tested topologies and commodity
settings, UVMP-CG reduces wall-clock runtime by 91%-
98% relative to UVMP-MWU. Importantly, this speedup does
not come at the expense of solution quality, as UVMP-CG
achieves objective values close to UVMP-MWU. Overall,
these results identify UVMP-CG as a scalable and efficient
approach for the MMCF-DAG problem.

TABLE III
WALL-CLOCK RUNTIME COMPARISON OF UVMP-MWU AND UVMP-CG
ON ABILENE AND MILAN TOPOLOGIES.

. UVMP-MWU UVMP-CG Runtime
Network C ies duction
Obj. value Runtime (s) Obj. value Runtime (s) reducti
0.05 1.15 27510.45 1.14 418.25 98.48%
Five (4-func) 0.10 1.14 17250.80 1.14 390.50 97.74%
Abi 0.20 1.13 6650.15 1.13 368.10 94.46 %
ilene
0.05 0.75 35890.20 0.74 660.15 98.16%
Two (5-func)  0.10 0.74 21105.50 0.74 565.40 97.32%
0.20 0.71 7680.90 0.70 475.80 93.80%
0.05 1.25 33450.10 1.24 1050.30 96.86 %
Five (4-func) 0.10 1.22 22980.60 1.18 855.20 96.28%
. 0.20 1.21 9650.40 1.15 785.90 91.86%
Milan
0.05 0.85 36980.50 0.84 1210.15 96.73%
Two (5-func)  0.10 0.83 26850.30 0.83 960.50 96.42%
0.20 0.79 12510.80 0.79 815.40 93.48%

C. Heuristic Variants for Large Al Workloads

We next evaluate our algorithms on AI computation tasks.
Since these service DAGs are substantially larger, exact pricing
via DynVMP becomes computationally prohibitive. To enable
scalability, we replace the DynVMP oracle in the pricing
or mapping selection step with the polynomial-time heuristic
in [21]. We refer to the resulting variants as UVMP-MWU-
H and UVMP-CG-H. Note that with a heuristic oracle, the



theoretical (1 — €) approximation is no longer guaranteed;
however, this adaptation enables effective flow routing and
processing for Al workflows.

1) Computation Graphs: A computation graph can be
modeled as a DAG, where nodes represent operators and
edges capture their dependencies. We follow the benchmark
in [6] and consider ResNet-50, Inception-V3, and BERT. The
communication requirements between operators and the com-
putation requirements of each operator are computed as in [6],
and sketches of these computation graphs are provided in the
appendix of [6]. The objective is to maximize throughput: im-
ages/s for vision models and tokens/s for language models. We
consider two workstations, each with one CPU (2 TFLOP/s)
and two GPUs (20 TFLOP/s each). Intra-workstation links use
NVLink (600 GB/s) and inter-workstation links use Ethernet
(50 GBY/s).

As shown in Table IV, UVMP-MWU-H and UVMP-CG-H
consistently outperform HSDAG across all models. This gap
arises from the difference in objectives: HSDAG optimizes
device placement for a single computation graph to minimize
execution time, whereas our formulation explicitly maximizes
network throughput, enabling throughput-optimal resource
sharing and flow splitting across heterogeneous devices and
communication links.

TABLE IV
EVALUATION OF UVMP-MWU-H AND UVMP-CG-H ON COMPUTATION
GRAPHS.
Model UVMP-MWU-H UVMP-CG-H HSDAG
ResNet-50 (images/s) 15310 12522 8206
Inception-V3 (images/s) 5908 5577 2851
BERT-base (tokens/s) 1.46 x 10° 1.60 x 10° 1.13 x 10°

2) MoE models: For MoE models, each Transformer layer
comprises multi-head self-attention, expert networks, and aux-
iliary modules (e.g., residual connections, gating, communi-
cation, and aggregation). Since multi-head self-attention and
the expert networks dominate computation, we model only
these two modules and ignore the remaining components. We
evaluate three MoE models assuming FP32 precision and 8K-
token sequences. Mixtral 8 x7B (32 layers, 8 experts, top-2
gating) incurs computational loads of 2.2 TFLOPs for attention
and 1.45 TFLOPs for experts, with 64 MB communication
overhead per edge. Llama-4-Maverick-17B-128E (48 layers
alternating between dense and MOoE; one shared and one
routed expert per token) requires 2.4 TFLOPs for attention,
1.4 TFLOPs for dense networks, and 0.7 TFLOPs for experts;
communication is 128 MB for dense/routed components and
64 MB for shared experts. Qwen3-235B-A22B (94 layers,
128 experts, top-8 gating) consumes 1.9 TFLOPs for attention
and 0.2 TFLOPs for experts, with a uniform 64 MB com-
munication cost. In LLM serving systems, multiple replicas
of expert networks may be deployed on different nodes,
enabling diverse routing and processing strategies [23], [24].
We compare against Lazarus [23] and FlexMoE [24]. Suppose
that the computing network consists of six workstations, each

with four GPUs (82 TFLOP/s per GPU). We assume that
intra-workstation GPU links use NVLink with a bandwidth of
600 GB/s, while inter-workstation links use Ethernet with a
bandwidth of 50 GB/s. Fig. 2 reports the maximum supported
token throughput.

Fig. 2 indicates that our heuristic variants achieve higher
token throughput than the representative MoE placement base-
lines we implement (Lazarus and FlexMoE) under our simpli-
fied model. This gain stems from our model’s ability to capture
the fork—join traffic patterns in MoE architectures and to
account for the communication overhead. Unlike Lazarus and
FlexMoE, which employ heuristic expert placement and can
suffer from load imbalance or link congestion, our joint routing
and placement approach dynamically balances communication
and computation resource usage.

ERUVMP-MWU-H
50 I UVMP-CG-H
[ Lazarus

I FlexMoE

&
=

Number of tokens (x 210)
8 s

=
5

Mixtral 8x7B  Llama-4-Maverick-17B-128EQwen3-235B-A22B

Fig. 2. Evaluation of UVMP-MWU-H and UVMP-CG-H for MoE models.

VI. CONCLUSION

In this paper, we formulate the MMCF-DAG problem to
compute the maximum throughput of computing networks that
host services with complex DAG dependencies. We derive a
path-based LP formulation and establish the NP-completeness
of the underlying UVMP. To address the computational chal-
lenges, we develop two approximation algorithms, UVMP-
MWU and UVMP-CG, and prove that both attain a parame-
terized (1 — e€)-approximation. Extensive simulations show that
UVMP-CG converges substantially faster than UVMP-MWU
and that both algorithms are significantly faster than exact
LP solvers. Moreover, our heuristic variants scale to large Al
workloads and achieve higher throughput than domain-specific
baselines.

APPENDIX A
PROOF OF THEOREM 1

Proof: The feasibility of any UVMP can be verified in
polynomial time by evaluating cost(m) in Definition 3; thus,
UVMP-Dec € NP.

Reduction from Multiway Cut. Consider an instance (G,, =
(Vin, Em), w, Vi, Wp,,), where G, is an undirected graph with
edge weights w, Vp C V,, is the terminal set, and W, is a
budget. The Multiway Cut problem asks whether there exists



E! C E,, with total weight at most W,,, such that removing
E!. disconnects every pair of terminals in V. Multiway Cut
is NP-complete for |V| > 3. We reduce any such instance to
a UVMP instance in polynomial time.

1) Computing network. Let G = (V, E) denote the com-
puting network in the constructed UVMP instance. For each
terminal ¢ € Vi, create a node u; € V. For each unordered
pair of distinct terminals ¢;,¢; € V7, add a bidirectional link
between wu;, and ;. Set the unit processing cost ¢, = 0 for
all u; € V, and the unit transmission cost Cupyup, = 1 for all
(uti,utj) e k.

2) Commodity. Define a single commodity (c,¢) with
service DAG ¢ = (V®, E?). For each u € V,,,, create a service
function u? € V%, Fix an ordering of V,,; for each (u,v) €
E,, if u precedes v, add a dependency edge (u?,v?) € E?.
For each terminal ¢ € Vp, designate t? as a source or sink
function and anchor the corresponding service source/sink to
physical node u; € V. Set the computation requirement of
each function to zero, i.e., 74’ = 0. For each dependency
(u®,v?), set the communication requirement to the corre-
sponding edge weight, i.e., §(“¢’”¢) = wyy. Finally, set the
scaling factors on the external edges {(S%,u?) : u® € V2}
and {(v®, D) 1 v® €V} to M 2 Wi + 3, 1yep,, Wun-

3) Threshold. Set the decision threshold as W = W,,.

Soundness. Given a Multiway Cut E/ C F,, with
> (wver, Wuw < Win, removing E;, disconnects the termi-
nals. For each connected component, map every function u?
to the node wu; corresponding to that component’s terminal.
A dependency whose endpoints lie in the same component is
mapped to an empty path; otherwise, it is mapped to the single-
hop link between the corresponding terminal nodes, incurring
cost w,,. Hence, the total cost is at most Z(u’v) e, Wuv <
W, = W, yielding a feasible solution to UVMP-Dec.

Completeness. Consider any mapping m with cost(m) < W.
Since M > W, every auxiliary edge in E¢ U E,; must be

mapped to an empty path; thus each source/sink function

is mapped to its prescribed terminal node. Define E/ =

{(u,v) € E, | mu®) # m(®)}. Bach (u,v) € E!/
contributes exactly w,, to cost(m), so Z(u’v)e Bl Wuw < w.
Removing E!, disconnects all terminals, and hence E/, is a
Multiway Cut of weight at most W,,. [ |
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